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Abstract

In this work, we compare different interpolation operators in the context of particle tracking with an emphasis on
situations involving velocity field with steep gradients. Since, in this case, most classical methods give rise to the
Gibbs phenomenon (generation of oscillations near discontinuities), we present new methods for particle tracking
based on subdivision schemes and especially on the Piecewise Parabolic Harmonic (PPH) scheme which has shown
its advantage in image processing to reconstruct images with strong contrasts. First an analytic 1D case with a
discontinuous velocity field is considered in order to highlight the effect of the Gibbs phenomenon on trajectory
calculation and to provide theoretical results. Then, we show, regardless of the interpolation method, the need to
use a conservative approach when integrating a conservative problem with a velocity field deriving from a potential.
Finally, the PPH scheme is applied in a more realistic case of a time-dependent potential encountered in the edge
turbulence of magnetically confined plasmas, to compare the propagation of density structures (turbulence bursts)
and the evolution of test particles. This study shows the difference between particle transport and density transport
in turbulent fields.

Keywords: interpolation, subdivision schemes, PPH, Gibbs phenomenon, edge plasma, density structures, test
particles

1. Introduction

The tracking of particles convected passively in a velocity field is a classical problem in physics but its simulation
is often difficult since the velocity field, that usually is itself an output of an Eulerian simulation, is only known on
a fixed grid of points [1, 2, 3, 4]. Since the tracking is based on a Lagrangian description of the trajectory of the
particle, evaluation of the velocity field on arbitrary points is required.

Evaluation of a field on arbitrary points is required in many studies for instance in fluid dynamics, geostatistics,
image compression and, more generally multiscale approximation [5, 6, 7, 8, 9].

Subdivision schemes are nowadays becoming workhorses for advanced scientific computing in data and geometry
processing. Among them, some nonlinear schemes based on nonlinear transforms are reaching a recognized status
supported by recent results concerning their precision and stability as well as their satisfactory behaviour in presence
of strongly varying data (either intrinsic to the problem or due to sampling) where linear schemes, due to the Gibbs
phenomenon, generally fail [10].

In this paper we propose a comparison of different tracking algorithms based on different interpolation opera-
tors: polynomial interpolation, spectral interpolation and spline interpolation are compared to subdivision operators
based on local polynomial interpolation and a nonlinear perturbation of it, called PPH (Piecewise Parabolic Har-
monic) subdivision [10]. Our investigations are both theoretical and numerical with applications to univariate and
multivariate situations.

The paper is organized as follows: after a detailed presentation of the different interpolation operators in
section 2, and a brief recall of the problem of the trajectory evaluation in section 3, the univariate situation is
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investigated in section 4 with a theoretical analysis of the convergence of the numerical tracking schemes for the
different interpolation operators (4.1). Section 5 is devoted to bivariate situations: we start with the comparison
between conservative and nonconservative approaches to track particles in a velocity field deriving from a potential.
The end of this section is devoted to particle tracking in a turbulent velocity field related to numerical simulations of
edge fusion plasma: we investigate in particular the relation between test-particle dynamics and density structures
evolution, and it is shown that physical informations of high interest can be reached if suitable interpolation
operators are used. The last section is devoted to conclusion and remarks.

2. Numerical methods

In this section, we describe the interpolation methods we use. We first recall classical methods including
polynomial, spectral and cubic splines interpolations. Then subdivision schemes are presented with emphasis on
the Piecewise Parabolic Harmonic (PPH) scheme. The univariate framework is adopted for the presentation.
Bivariate and multivariate applications are derived using a tensor product approach.

We denote by (fn)0≤n≤N the sampling of a function f on a uniform grid (xn)0≤n≤N of an interval [0, a]:
xn = nδ = n a

N .

2.1. Classical interpolation methods

Polynomial interpolation
In this paper, we call polynomial interpolation of degree 2p + 1 the classical piecewise centered Lagrange in-

terpolation: in each interval [xn, xn+1], f is approximated by the unique polynomial Pn of degree 2p + 1 which
interpolates (xn−p, fn−p), ..., (xn+p+1, fn+p+1).

Introducing, for −p ≤ i ≤ p+ 1, Lagrange polynomials1

Lni (x) =

p+1∏
k=−p,k 6=i

x− xn+k

xn+i − xn+k
,

Pn is given by

Pn(x) =

p+1∑
i=−p

fn+iL
n
i (x).

Spectral interpolation
Spectral interpolation involves trigonometric polynomials [11]. More precisely, we call spectral interpolation of

f relative to the grid (xn)0≤n≤N−1 the following trigonometric polynomial of degree N (supposed to be even):

TN (x) =

N/2−1∑
k=−N/2

f̃k exp(2iπkx/a),

where (f̃k)−N/2≤k≤N/2−1 stands for the discrete Fourier transform of (fn)0≤n≤N−1 defined by

f̃k =
1

N

N−1∑
n=0

fn exp(−2iπkn/N), k = −N/2, . . . , N/2− 1.

Cubic splines
Cubic splines are C2 continuous, piecewise polynomials of degree 3 interpolating the grid points [12]. Most of the

fields considered in this paper are periodic, thus we implemented periodic spline interpolation using the procedure
described in Ref. [13].

1Note that developing Lni (xn + rδ) for r ∈ [0, 1], one finds that Lni (xn + rδ) is independent of n and δ: Lni (xn + rδ) = Li(r) or in
other words Lni (nδ1 + rδ1) = Lmi (mδ2 + rδ2). There is invariance by translation and dilatation.
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2.2. Subdivision schemes

Initially introduced for curves and surfaces design, subdivision schemes are now basic elements for computer
aided design, computational science, and image processing [14, 10].

The basic ingredient for dyadic stationary and uniform linear interpolant subdivision scheme is an operator in
`∞(Z), the set of bounded sequences, that reads:

S :


`∞(Z) −→ `∞(Z)

f = (fn)n∈Z 7−→ ((Sf)n)n∈Z with

{
(Sf)2n = fn,
(Sf)2n+1 =

∑
k

a2n+1−2kfk,
(1)

where (an)n∈Z is a set of null coefficients but a finite number that defines the scheme. Starting from a sequence
f0 = (f0

n)n∈Z and defining f j+1
n = (Sf j)n, n ∈ Z, j ∈ N, a convergent subdivision scheme S defines, for all initial

sequence f0, a continuous function f∞ such that lim
j→+∞

sup
n
|f jn − f∞(xjn)| = 0 where xjn = 2−jxn = n2−jδ.

Making the coefficients (an)n∈Z depend on the position n (respectively the scale j) leads to nonuniform (respec-
tively nonstationary) schemes. Making them dependent of f defines nonlinear subdivision schemes.

In this paper, two convergent subdivision schemes will be used, the Lagrange and the PPH schemes [14, 15].
The first one is a linear scheme whereas the second is nonlinear.

Figure 1: The iteration of a subdivision scheme provides a multiscale method that allows one to approximate a function on a grid finer
and finer: starting from the circles corresponding to the values on the initial grid, the crosses represent the first iteration and the dots
the second iteration.

Lagrange scheme
Here, on each interval, the new points are defined as the value taken by a polynomial determined by neighbouring

previously computed points.
In this paper, we use the degree 3 centered Lagrange interpolation: to define the value of Sf at the midpoint of

index 2n+1, we use the unique cubic polynomial Pn (already defined for polynomial interpolation) that interpolates

(xn−1, fn−1), (xn, fn), (xn+1, fn+1), and (xn+2, fn+2). More precisely, (Sf)2n+1 = Pn

(
xn+xn+1

2

)
. We obtain{

(Sf)2n+1 = − 1
16fn−1 + 9

16fn + 9
16fn+1 − 1

16fn+2,
(Sf)2n = fn.

(2)

This scheme is referred to as a linear scheme because the new points are defined as a linear combination of the old
ones. Note that even if the connection with polynomial interpolation is trivial after one iteration, the limit function
S∞f0 is generally not a piecewise polynomial.

PPH scheme
The PPH scheme is also based on a polynomial interpolation. Introducing the differences Dfn = fn+1 −

2fn + fn−1, the polynomial P̄n used here to define (Sf)2n+1 interpolates (xn−1, fn−1), (xn, fn), (xn+1, fn+1), and
(xn+2, f̄n+2) with

f̄n+2 = fn+1 + fn − fn−1 + 2H(Dfn, Dfn+1), (3)
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where H is defined by:

H(x, y) =

{
2 xy
x+y , if xy > 0,

0, otherwise.
(4)

The PPH scheme is a perturbation of the Lagrange scheme. Indeed, remarking that fn+2 = fn+1 + fn− fn−1 +

2Dfn+Dfn+1

2 , it clearly appears that the arithmetic mean of local differences has been substituted by the harmonic
mean. Finally, we obtain {

(Sf)2n+1 = fn+fn+1

2 − 1
8H(Dfn, Dfn+1),

(Sf)2n = fn.
(5)

The introduction of the PPH scheme is mainly motivated by the fact that the PPH subdivision does not produce
the Gibbs phenomenon (oscillation near discontinuities) while preserving the other good properties of the Lagrange
subdivision. Its convergence has been established in [15].

Remark 2.1. An important aspect for implementation of the interpolation prediction methods is their local/global
properties that influence directly their ability to be efficiently parallelized. As mentioned in Table 1, spectral and
spline methods are global. The others are local and, for a four point stencil considered here, the prediction at a given
position in one dimension involves only the 4 nearest points. There are, moreover, important differences between
classical methods and subdivision schemes. While the former allow one to predict f at any position x, the latter
only provides the prediction at dyadic points. In addition, the interpolatory function is directly given for classical
methods while it is only known as the limit of the convergent subdivision process in the latter situation. These facts
have various consequences:

• Since subdivision provides only predictions at dyadic points (of the form k2−L∆x, with L the level of subdivision
starting from the initial grid size ∆x), an additional error linked to localization is introduced. If ‖f ′‖∞ stands
for the L∞ norm of the first derivative of f , then this error is bounded by 2−L∆x‖f ′‖∞. Therefore, if εs
stands for a target error,

L >
log
(

∆x‖f ′‖∞
εs

)
log 2

. (6)

In practice, ‖f ′‖∞ is evaluated numerically and εs is fixed: formula (6) then gives the number of required
subdivision steps for each evaluation.

• Interpolatory subdivision presented above are based on polynomial interpolation on dyadic points. Therefore,
one could wonder what are the advantages of using subdivision rather than the corresponding polynomial
interpolation on each point. It turns out to be that the advantages are threefold: first, from a mathematical
point of view, as shown in Table 1, the interpolatory function for piecewise polynomial interpolations is C0

while it is more regular for subdivision. In particular, for the PPH subdivision it is C1− and even C2 in
strictly convex regions. Second, from a computational point of view, four point subdivision involves only
the storage of 4 coefficients independent of the subdivision level. Direct polynomial interpolation involves 16
coefficients that are grid dependent. Third, generalization to bivariate configuration such as done in the next
sections is straightforward for subdivision using tensorial product. It becomes very costly for piecewise bivariate
interpolation.

Interpolation
Classical method Subdivision scheme

spectral linear dÂ◦1 poly. dÂ◦3 spline Lagrange PPH

Smoothness C∞ C0 piecewise C0 piecewise C2 piecewise C2− C1−, C2

poly. dÂ◦1 poly. dÂ◦3 poly. dÂ◦3 (strictly convex data)
Rate of convergence 2 4 4
/ approximation 4 3
Local / global global local local local - global local local
implementation (coefficients)
Gibbs phenomenon yes no yes yes yes no

Table 1: Some properties of the interpolation methods.
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3. Trajectory evaluation

Now that the interpolation schemes have been introduced, we address the problem of trajectory evaluation.
The general problem we are interested in is the computation of the trajectory X(t) of a particle swept along by a
velocity field F following the equation: {

Ẋ = F(X, t), t ∈ [t0, T ],
X(t0) = X0,

(7)

where F(X, t) is supposed to be known on a regular grid. Any numerical resolution of (7) involves the evaluation
of F on arbitrary points and therefore requires interpolation operators.

Although in this paper we focus on particle trajectories, the framework of the methods discussed here is more
general and may relate to problems of propagation of fronts, shock waves or passive tracers.

In the following sections, we aim to study situations involving strongly varying velocity fields F. We consider
first an analytic univariate case with a discontinuous velocity field in order to provide theoretical results, then a
more realistic case dealing with test particle transport in a magnetized plasma is considered.

4. Univariate case

When used to reconstruct a discontinuous function, most classical methods of interpolation or approximation
give rise to the Gibbs phenomenon which is characterized by the generation of oscillations near discontinuities. In
this section, we highlight the effect of the Gibbs phenomenon on trajectory calculation. In our framework of particle
tracking, the Gibbs phenomenon may lead to incorrect trajectories.

4.1. Steady state velocity field

Here we consider (7) with a velocity field F exhibiting a discontinuity of amplitude d > 0 given by

F (x, t) = v(x) =

{
0.5, if x < 0.5,
0.5 + d = vp, if x ≥ 0.5,

(8)

and focus on the initial condition x0 = 0.2 at t0 = 0.

4.1.1. Analytical integration

4.1.1.1. Mathematical meaning of the differential equation. It should be noted that the right-hand side (8) of the
differential equation (7) being discontinuous, the classical definition of a solution of a differential equation with a
continuous right-hand side, as a function which has a derivative and satisfies the equation everywhere on a given
interval, is no longer valid. A fortiori, the Cauchy-Lipschitz theorem [16] ensuring the existence and the uniqueness
of the solution does not apply.

One can propose, however, a good candidate to be solution of the Cauchy problem (7) for the velocity v given
by (8). It is the connection, at x = 0.5, of two classical solutions:

x(t) =

{
0.2 + 0.5t, if t < 0.6,
0.5 + vp(t− 0.6), if t ≥ 0.6.

(9)

For t = 0.6, the derivative of the function defined by (9) does not exist, thus the equation (7) is not satisfied at
t = 0.6 in the traditional sense. However, the function (9) is the unique solution of the integral formulation2

x(t) = x0 +

∫ t

0

v(x(s))ds. (10)

One should remark however that the integral formulation is not always sufficient to provide a reasonable rigorous
meaning to a differential equation with a discontinuous right-hand side. To illustrate this point, let us consider the
following right-hand side [17]

v(x) = 1 if x < 0.5, v(0.5) = a 6= 0, v(x) = −1 if x > 0.5. (11)

2The integral formulation is equivalent to the differential equation in the case of a continuous right-hand side: a solution of a
differential equation subject to an initial condition is a solution of the corresponding integral formulation and vice versa.
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For x > 0.5, the solutions are x(t) = −t + c1, and for x < 0.5, the solutions are x(t) = t + c2. When t
increases, the solutions reach the line x = 0.5. The field forbids to cross the axis x = 0.5. And the problem is to
find a definition which gives a meaning to the constant solution x(t) = 0.5. The classical sense is unsurprisingly
eliminated, since for this constant solution ẋ = 0, whereas the right hand-side is nonzero at x = 0.5. The integral
formulation does not fix the problem here because it requires a = 0 through

x(t) = 0.5 = 0.5 +

∫ t

0

v(x(s))ds = 0.5 + at. (12)

The consideration of differential equations with discontinuous right-hand side then requires the generalization
of the concept of solution. Different approaches have been proposed [17, 18]. However it is out of the scope of this
paper, and we adopt the formulations (9) or (10) that fit to (7)-(8).

4.1.1.2. Convergence of the Euler scheme to the solution. Given a fixed time step ∆t, we note tn = n∆t and yn
the calculated position at time tn. Using the explicit Euler scheme we have

yn =

{
x0 + 0.5n∆t, if n ≤ n0 (n0 s.t. n0 − 1 < 0.5−x0

0.5∆t ≤ n0),
yn0

+ vp(n− n0)∆t, if n ≥ n0 + 1.
(13)

We get that sup
n
|yn − x(n∆t)| −−−−→

∆t→0
0 that is the convergence of the scheme.

4.1.2. Integration using interpolation methods

Here, we consider that the velocity v is only known on a uniform grid of step h = ∆x (we consider a grid that
contains the discontinuity point) and that an interpolation method is used to reconstruct the velocity everywhere.

If we denote by vh,interp the reconstruction obtained using the interpolation method under consideration, then
the estimation of the particle trajectory by the interpolation method is given by the integration of{

ẋ = vh,interp(x), t ∈ [0, T ],
x(0) = x0.

(14)

Two interpolation methods are compared: PPH subdivision, which coincides here with linear interpolation
(polynomial interpolation of degree 1) and for which there is no Gibbs phenomenon, and polynomial interpolation
of degree 3, suffering from the Gibbs phenomenon, see Fig. 2.

In (14), unlike the initial equation (7)-(8), the right-hand side term is a continuous function which verifies the
conditions of the Cauchy-Lipschitz theorem, thus there exists a unique solution of the Cauchy problem, denoted
xh,interp.

Reconstruction of the velocity.

PPH interpolation.

vh,pph(x) =


0.5, if x ≤ 0.5− h,
0.5x−0.5

−h + vp
x−(0.5−h)

h = d
hx+ vp − d

h0.5, if 0.5− h ≤ x ≤ 0.5,

vp, if x ≥ 0.5.

(15)

Polynomial interpolation.

vh,poly(x) =


0.5, if x ≤ 0.5− 2h,
P1(x), if 0.5− 2h ≤ x ≤ 0.5− h,
P2(x), if 0.5− h ≤ x ≤ 0.5,
P3(x), if 0.5 ≤ x ≤ 0.5 + h,
vp, if x ≥ 0.5 + h.

(16)
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Figure 2: Exact velocity field (solid line) given by Eq. (8) with d = 1, and approximations by (a): PPH scheme (dashed line) and (b):
polynomial interpolation of degree 3 (dotted line) for h = 0.1.

4.1.3. Convergence

4.1.3.1. Convergence of the reconstruction. For both interpolation methods, vh,interp converges uniformly to v when
h tends to 0 on any closed interval not containing the discontinuity point 0.5.

4.1.3.2. Convergence of the trajectory. For PPH interpolation (and linear interpolation), the solution of the prob-
lem (14) can be computed explicitly. We find for h small enough (such that at t = 0, vh(x0) = vh(0.2) = v(0.2) =
0.5):

xh,pph(t) =


0.2 + 0.5t, if 0 ≤ t ≤ 0.3−h

0.5 = t1,

(
vp
d − 1)h exp

(
d
h (t− t1)

)
+ (0.5− vp

d h), if t1 ≤ t ≤ h
d ln

(
vp
vp−d

)
+ t1 = t2,

0.5 + vp(t− t2), if t ≥ t2.
(17)

One obtains immediately the convergence of the solution xh,pph to the exact solution (9) of the initial problem
(with discontinuous right-hand side) when the discretization step h tends to 0.

In the case of polynomial interpolation, the explicit calculation of the solution is not possible in general. However,
a counterexample to the convergence of xh,poly to the exact solution x can be found without calculating the solution.
Indeed, the polynomial interpolation and the Lagrange scheme coincide at the midpoints of the initial grid, it follows
using (2)

vh,poly(0.5− 3h/2) = − 1

16
0.5 +

9

16
0.5 +

9

16
0.5− 1

16
vp,

=
17

16
0.5− 1

16
vp,

= 0.5− 1

16
(vp − 0.5),

= 0.5− 1

16
d, (18)

where d is the jump at the discontinuity point.
Thus, the value of the reconstruction at the considered midpoint is a constant c that does not depend on the

step h = ∆x, but only on d the amplitude at the discontinuity point. The oscillation generated in the reconstruction
of v using polynomial interpolation then remains despite the reduction of h, it is the Gibbs phenomenon.

If we take, for instance, d = 16, then the constant c is negative. By continuity of vh,poly, we deduce, using
the intermediate value theorem, the existence of a point x0 (depending on h) in [0.5 − 2h, 0.5 − 3h/2] where
vh,poly(x0) = 0.

For a fixed h, the constant function X(t) = x0 is solution of the differential equation ẋ = vh,poly(x) subject to
the initial condition x(0) = x0. Thus using Cauchy-Lipschitz theorem, we have for h > 0 small enough (such that
x0 ≥ 0.5− 2h > 0.2 = x0)

∀t ≥ 0, xh,poly(t) < x0 < 0.5− 3h/2 < 0.5, (19)
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and this proves that if xh,poly converges to xpoly as h approaches 0, then passing to the limit in (19), we get that
xpoly(t) ≤ 0.5 for all t ≥ 0, and xpoly 6= x the exact solution (9) of the initial problem (7)-(8).

Fig. 3 illustrates the convergence result in the case d = 16: the trajectory xh,pph converges to the exact trajectory
when the step h tends to 0 contrary to the trajectory xh,poly which remains bounded by x = 0.5.

0 0.5 1
0.2

0.4

0.6

0.8

1

t

x

Figure 3: Plots of xh,pph (dashed line) and xh,poly (dotted line) solutions of the Cauchy problem (14) with x0 = 0.2 for the velocity v

given by (8) with d = 16, and h varying from 10−1 to 10−4. The variation of xh,pph, respectively xh,poly, as h decreases, is from left
to right, respectively from bottom to top. The exact trajectory (9) is shown in solid line.

Remark: In practice, we stop after a number of iterations L when the PPH scheme is used, which provides a
sequence of values corresponding to the refined grid. Then, one can use a piecewise constant approximation to define
vh,pph,L and consider the trajectory xh,pph,L solution of ẋ = vh,pph,L(x), x(0) = x0 under integral formulation. One

can write vh,pph,L(x) = vh,pph(x) + εh,L(x) with |εh,L(x)| ≤ εL (where εL = d
2L for example). Setting y = xh,pph

and z = xh,pph,L for simplicity, we obtain z(t)− y(t) =
∫ t

0

(
(vh,pph(z(s))− vh,pph(y(s))) + εh,L(z(s))

)
ds. Thus for

t ≥ 0,

|z(t)− y(t)| ≤
∫ t

0

∣∣vh,pph(z(s))− vh,pph(y(s))
∣∣ ds+

∫ t

0

∣∣εh,L(z(s))
∣∣ ds

≤ k
∫ t

0

|z(s)− y(s)| ds+ εLt,

(20)

using the Lipschitz continuity of vh,pph for h > 0 (k ≥ 0 being a Lipschitz constant for vh,pph) and |εh,L(x)| ≤ εL.
Using now the Gronwall’s lemma, one obtains |xh,pph,L(t) − xh,pph(t)| = |z(t) − y(t)| ≤ εLt exp(kt) for t ≥ 0 and
lim
L→∞

xh,pph,L = xh,pph. It follows lim
h→0

lim
L→∞

xh,pph,L = x where x is the exact trajectory of the initial problem (7)-

(8).

4.1.3.3. Specific convergence analysis when ∆t is related to h. The previous section was devoted to the convergence
of the numerical trajectory towards the real trajectory when the step h defining the sampling of v goes to zero and
according to the different reconstruction procedure analyzed in this paper. More precisely,

constructing (xn,h)n∈N as: x0,h = x0, xn+1,h = xn,h + ∆t vh(xn,h) and xh = lim
∆t→0

(xn,h), what is lim
h→0

xh? (21)

Now we would like to investigate a situation where the time step ∆t used for the evaluation of (xn,h)n∈N is
related to h, the sampling step of v. This situation mimics the case of a non stationary velocity field solution of
an advection equation resolved numerically under the constraint of a so called CFL condition. If we suppose for
instance that this condition gives ∆t = h, then the convergence problem is the analysis of lim

∆t→0
(xn,∆t) if

xn+1,∆t = xn,∆t + ∆t v∆t(xn,∆t). (22)

In the case of PPH interpolation (and linear interpolation), explicit calculation of the terms of the sequence
gives the convergence of the solution x∆t,pph to the exact solution (9) of the initial problem (7)-(8) when ∆t goes
to 0.
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For polynomial interpolation with d = 16, the reconstructed velocity takes negative values, that leads to noncon-
vergence to the exact solution in the sense (21). At the discrete level (22), however, this argument is not sufficient
to determine whether or not convergence occurs, because it depends on the location of the values of the sequence.

Based on numerical tests performed using time steps 0.1, 0.01 (see Fig. 4), we note that x∆t,poly ends up
oscillating between two values.

0 0.5 1
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0.4

0.6

0.8
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∆t = h = 0.1

(a)

0 0.5 1
0.2

0.4

0.6

0.8

1
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x

∆t = h = 0.01

(b)

Figure 4: Plots of x∆t,pph (dashed line) and x∆t,poly (dotted line) given by (22) with x0 = 0.2, for the velocity v given by (8) with
d = 16, for (a): ∆t = 0.1 and (b): ∆t = 0.01. The exact trajectory (9) is shown in solid line.

We prove this result: for ∆t small enough, we have xn = 0.2 + 0.5n∆t, as long as xn−1 ≤ 0.5 − 2∆t, i.e. as
long as n ≤ 0.5−2∆t−0.2

0.5∆t + 1, that is, for n ≤ n0 with n0 =
[

0.6
∆t − 3

]
. If we restrict ourselves to ∆t = 10−k, we get

n0 = 6× 10k−1 − 3.
We have xn0

= 0.2 + 0.5n0∆t and for ∆t = 10−k, we get

xn0
= 0.5− 1.5∆t, (23)

xn0
is exactly the midpoint of [0.5− 2∆t, 0.5−∆t], where the velocity does not depend on ∆t (cf. (18)):

xn0+1 = xn0
+ ∆t v∆t(xn0

) = 0.5− 1.5∆t+ ∆t

(
0.5− d

16

)
. (24)

The choice d = 16 (arbitrary until now) gives xn0+1 = 0.5− 2∆t and

xn0+2 = xn0+1 + 0.5∆t = 0.5− 1.5∆t = xn0 . (25)

It is seen from (24) that choosing d = 8 would have given a fixed point, while other options would not have
allowed to conclude.

Remark 4.1. As soon as the polynomial interpolation remains strictly positive (the case d = 1 for example), one
can show that there is convergence of the trajectory deduced by polynomial interpolation to the exact trajectory (at
the continuous level (21), and at the discrete level (22)).

4.2. Time dependent velocity field

We now consider a nonstationary velocity field V given by

V (x, t) = v(x− αt), (26)

where v is given by Eq. (8) and the corresponding Cauchy problem{
ẋ = V (x, t) = v(x− αt), t ∈ [0, T ],
x(0) = x0.

(27)
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This time dependent case is a steady state case if one works in the reference frame moving with the velocity:
changing the variable x to y = x− αt in (27) gives indeed:{

ẏ = v(y)− α = w(y), t ∈ [0, T ],
y(0) = x0.

(28)

The velocity w is nothing but the velocity v shifted downward by a quantity α. Similarly to the steady state case,
there is existence and uniqueness of the solution y to the differential equation (28) under the integral formulation,
if w > 0, that is if 0.5 > α. Consequently, there is existence and uniqueness of the solution x to (27) if 0.5 > α.

The corresponding problem using interpolation methods reads{
ẋ = vh,interp(x− αt), t ∈ [0, T ],
x(0) = x0,

(29)

and one can find d and α such that the solution xh,poly of the problem (29) with vh,interp = vh,poly, does not
converge to the exact solution x. This holds when wh,poly(0.5− 3h/2) = w0 − 1

16d = v0 − α− 1
16d < 0 that is when

v0− 1
16d < α. In particular, the value d = 1 for which there was convergence of the polynomial interpolation in the

steady state case, can lead to nonconvergence in the time dependent case if 0.4375 < α < 0.5.

Through this 1D case, we highlighted the negative impact that may be caused by the Gibbs phenomenon on the
calculation of trajectories. Admittedly, the considered case is rather extreme because it deals with a discontinuous
velocity, but in practice we are confronted with a fixed step h which corresponds to a resolution generally poor, and
at this level, strong gradients and discontinuities cannot be discriminated. The comparison made above between
PPH subdivision and polynomial interpolation is a special case of the comparison between a method without
Gibbs phenomenon and a method with Gibbs phenomenon, the same behaviour is expected for the other methods.
In addition, this section shows the advantage of the PPH scheme to calculate trajectories: even if both linear
interpolation and PPH scheme avoid the Gibbs phenomenon, the PPH scheme has better properties than linear
interpolation, see Tab. 1.

5. Bivariate case

We now consider the evolution of test particles in a 2D potential field. The equations of motion read(
ẋ
ẏ

)
=

(
−∂yφ(x, y, t)
∂xφ(x, y, t)

)
, (30)

where φ is a potential. Following Ref. [19] we consider, as a first example, the following explicit form of the potential:

φ(x, y, t) =
a

2π

N∑
n,m=1

n2+m2≤N2

sin(2π(nx+my) + ϕnm − ωt)
(n2 +m2)3/2

, (31)

where ϕnm and ω are fixed. In what follows, we choose N = 25 and a = 0.5. The quantities ϕnm are random
phases in [0, 2π]. Fig. 5 shows a visualization of the potential at t = 0.

5.1. Steady state potential

Here we consider an autonomous potential φ(x, y, t) = φ(x, y) corresponding to ω = 0. The equations of motion
are then (

ẋ
ẏ

)
=

(
−∂yφ(x, y)
∂xφ(x, y)

)
. (32)

From the equations of motion (32), we deduce that

dφ

dt
= ∂xφ ẋ+ ∂yφ ẏ = 0 (33)

along the trajectory, that means that the trajectories live on isopotential surfaces. In particular, the trajectory of
a particle located on a closed isopotential line is expected to be closed.
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Figure 5: Contour plot of φ(x, y, t) given by Eq. (31) for t = 0, a = 1, and N = 25.

This system is referred to as a Hamiltonian system where H = φ is the Hamiltonian. Hamiltonian systems
possess specific properties [20, 21, 22]. The Jacobian matrix associated with the system is

J =

− ∂2φ
∂x∂y −∂

2φ
∂y2

∂2φ
∂x2

∂2φ
∂y∂x

 . (34)

The Jacobian matrix appears when one looks at the separation in the phase space of two initially close trajectories:
the differences δx and δy between the two trajectories in the x and the y directions respectively satisfy the equations(

˙δx

δ̇y

)
= J

(
δx
δy

)
, (35)

called the tangent dynamics equations.
The eigenvalues of the matrix satisfy

−
(
∂2φ

∂x∂y
+ λ

)(
∂2φ

∂y∂x
− λ
)

+
∂2φ

∂x2

∂2φ

∂y2 = λ2 −
(
∂2φ

∂x∂y

)2

+
∂2φ

∂x2

∂2φ

∂y2 = 0, (36)

and λ1 + λ2 = 0, this is the property of phase space volume conservation for a Hamiltonian system. This last

property can also be established noting that λ1 + λ2 = tr(J) = − ∂2φ
∂x∂y + ∂2φ

∂y∂x = 0.

5.1.1. Application of interpolation methods: different versions

Given the form of the velocity field in the equations (32), there are different ways to apply the interpolation
methods: one can either approximate ∂xφ and ∂yφ on the grid points and then interpolate them or interpolate φ
and then approximate ∂xφ and ∂yφ. This leads to two versions that do not share the same properties:

Version 1: Approximation of ∂xφ and ∂yφ on the initial grid and then interpolation
This version consists, after approximation of the derivatives by finite differences (we call ∆Φ

εx
and ∆Φ

εy
these

approximations) in integrating (
ẋ
ẏ

)
=

(
−(∆Φ

εy
)interp(x, y)

(∆Φ
εx

)interp(x, y)

)
. (37)

The discrete Jacobian matrix associated with the system is

J1 =

−
∆[( ∆Φ

εy
)interp]

εx
−

∆[( ∆Φ
εy

)interp]

εy

∆[( ∆Φ
εx

)interp]

εx

∆[( ∆Φ
εx

)interp]

εy

 . (38)

Because in general tr(J1) 6= 0, the Hamiltonian structure is broken and the conservative property is not guaranteed.
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Version 2: interpolation of φ and then approximation of ∂xφ and ∂yφ.
This second version consists in integrating(

ẋ
ẏ

)
=

(
−∆Φinterp

εy
(x, y)

∆Φinterp

εx
(x, y)

)
. (39)

This version is “conservative”: indeed a direct computation of Φinterp(xn+1, yn+1) shows that this quantity is
asymptotically conserved at each step (i.e. when εx, εy, ∆t go to zero) and therefore remains almost constant on
the trajectories. One should notice that the form (39) is moreover required to use symplectic schemes suited to
Hamiltonian systems.

Remark 5.1. In practice, for version 1, the generation of the two sets ∆Φ
εx

and ∆Φ
εy

is first performed using inter-

polation on a fine grid. Then interpolation at each position is performed on the two sets.
For version 2, interpolation methods are first used to evaluate the potential at each position. The quantities

∆Φinterp

εx
and

∆Φinterp

εy
are then evaluated. These evaluations involve extra interpolations on a fine grid in the vicinity

of each position. This extra interpolation is very expensive for classical interpolation methods but has a negligible
cost for subdivision.

The aim of the next two parts is to show the advantage of the conservative version; tests are made in the steady
state case. Two criteria of trajectory quality are suggested in order to measure the performance of the methods:
potential conservation and Lagrangian statistics.

5.1.2. Potential conservation along the trajectory

Here, interpolation methods are applied using coarse grids of size ∆x = ∆y = 1
32 . Tab. 2 summarizes the various

parameters used. The time integration is performed using a fourth-order Runge-Kutta scheme (we chose ∆t = ∆x
6 ).

Interpolation
Classical method Subdivision scheme

polynomial degree 3 spectral cubic splines Lagrange PPH

Parameters v1 – – – r = 2−22 r = 2−22

Parameters v2 εx = εy = 2−17 εx = εy = 2−17 εx = εy = 2−17 r = 2−16 r = 2−16

Table 2: Parameters of the interpolation methods. r: final resolution of the grid after application of a subdivision scheme, ε = εx = εy :
used step to approximate derivatives by finite differences. We imposed 2ε = r.

Fig. 6 shows the trajectories obtained using polynomial interpolation. One can already note that the conservative
version (version 2) provides closed trajectories unlike version 1. Qualitatively, with the conservative method, the
closed trajectories do not dissipate and energy is better conserved, whereas with the nonconservative version, the
thickness of the curves expected to be closed shows that there is dissipation of energy over time. The same behaviour
is observed for the other methods. For instance, Fig. 7 represents the trajectories obtained for a selected particle
by the PPH scheme: using the conservative version we obtain a closed trajectory, while with the nonconservative
version, the energy dissipates as shown on the one hand by the trajectory which is arranged in a spiral-shape and
on the other hand by the x-coordinate which oscillates with a decrease in the amplitude. This is very visible on
Fig. 7 and the conservative trajectory is a little different from the exact one. This is more especially visible as the
grid is coarse.

At the same time, we have plotted in Fig. 8(a) the variation ∆φ = φ(t) − φ(0) of the potential along each
trajectory: the exact one, the one obtained using PPH version 1, and that obtained using PPH version 2. As
expected, the exact potential is conserved along the exact trajectory while it varies along the trajectory obtained
by conservative interpolation (version 2) but remains centered around 0 in contrast to its variation along the
trajectory obtained by nonconservative interpolation (version 1). And finally in Fig. 8(b), we have plotted the
variation ∆φinterp = φinterp(t) − φinterp(0) of the interpolated potential along each trajectory. In this case, the
roles are exchanged and the interpolated potential is conserved along the trajectory obtained using the conservative
version as intended.

Focusing now on a particular initial condition, we look at the conservation of the potential along the trajec-
tories obtained by the different interpolation methods using the conservative version. Again, we can look at the
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Figure 6: Trajectories obtained using polynomial (degree 3) interpolation on grid(s) ∆x = 1
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Figure 7: Trajectories obtained using PPH subdivision on grid(s) ∆x = 1
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Figure 8: Variations of the exact potential and the interpolated potential (PPH) along the trajectoires given in Fig. 7. φ(t = 0) ≈
0.0344268.
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32

.

conservation of the exact potential φ, or the conservation of the interpolated potential φinterp. The trajectories
obtained using spectral and cubic splines interpolations are shown in Fig. 9, and the corresponding conservation of
the potential is shown in Fig. 10. The variations of the interpolated potential are low but show some dissipation due
to the numerical integration, and a quasi-periodicity is observed due to the number of complete turns the particle
performs in the simulation. Potential variations along the trajectories are found to be weak and periodic. Tab. 3
summarizes the results for the different interpolation methods, the best conservation of the interpolated potential
obtained for spectral interpolation and cubic splines can be explained by the regularity of the interpolated potential
using these methods, see Tab. 1.

Interpolation
Classical method Subdivision scheme

polynomial degree 3 spectral cubic splines Lagrange PPH

max |∆φ| 2.5991e-004 1.1222e-004 1.3009e-004 2.4252e-004 2.3705e-004
max |∆φinterp| 1.1517e-005 2.5352e-010 2.4442e-010 3.1077e-006 1.3625e-005

Table 3: Potential conservation along the trajectories obtained using different interpolation methods (conservative version) for x0 = 0.4,
y0 = 0.6, and ∆x = 1

32
.

5.1.3. Lagrangian statistics (averaged errors)

Following Ref. [4] and in order to continue the comparison between the conservative and nonconservative ver-
sions, we consider sets of Np = 125 particles with initial positions randomly distributed in [0, 1] × [0, 1] (uniform
distribution), and compare at each instant the approximated trajectories to the true ones obtained using the an-
alytic expressions of the velocities at each point. The exact trajectories xexa are obtained without interpolation
using a fourth-order Runge-Kutta scheme with a time step ∆t = 1

6
1

210 , while the trajectories xinterp are obtained

using a fourth-order Runge-Kutta scheme with ∆t = ∆x
6 . Then, at each time t ≥ 0, the errors are averaged over all

the particles as follows

E(t) =

 1

Np

 Np∑
n=1

|xinterp(t)− xexa(t)|2
1/2

. (40)

Fig. 11 shows the results obtained using the PPH scheme, and Tab. 4 summarizes the results for the different
interpolation methods.

Errors using the conservative version (version 2) are less important than using the nonconservative version
(version 1) for which errors increase with time, indicating that particles stray from their correct trajectories. Thus
version 2 is the most suitable for our problem. This meets up with the fact that the second version takes into account
the conservative aspect of the problem. The performance of spectral interpolation for a grid ∆x = 1

64 (almost zero
error) is explained by the form of the potential (31) (with ω = 0 and N = 25) considered here: the grid captures
all the relevant modes (up to N = 25) and spectral interpolation therefore leads to an exact reconstruction.
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∆x = 1
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.

Interpolation
Classical method Subdivision scheme

polynomial degree 3 spectral cubic splines Lagrange PPH

∆x = 1
16 maxE

Conservative 0.3237 0.3202 0.3099 0.3340 0.3297
Nonconservative 0.5675 0.7092 0.6149 0.5468 0.6708

∆x = 1
32 maxE

Conservative 0.2489 0.2372 0.2495 0.2458 0.2349
Nonconservative 0.2578 0.2694 0.2663 0.2575 0.3275

∆x = 1
64 maxE

Conservative 0.0110 2.5540e-008 0.0043 0.0105 0.0143
Nonconservative 0.0849 9.5695e-012 0.0108 0.0915 0.1563

Table 4: Averaged errors (40) over Np = 125 particles subject to the steady state potential φ, obtained using different interpolation
methods.

5.2. Nonsmooth potential

We consider again a steady state potential but the potential φ is now supposed to be strongly varying. It is of
the form:

φ(x, y) = (4y − 2)2/2 + f(x), (41)

where f is a continuous piecewise linear function represented in Fig. 12(b). The potential is illustrated in Fig. 12(a).
As shown in the figures, there are essentially two families of trajectories living either on the left of x = 0.5 or

on the right of x = 0.5.
These two families are separated by a particular point corresponding to a local maximum in the x direction for

y = 0.5.
As previously, we consider that the potential is only known on a discrete grid. Interpolation is used to reconstruct

the potential entirely in order to compare it to the real potential.
Let us focus first on the interpolated points in the x direction: while the PPH scheme reconstructs exactly

the sections in this direction, the polynomial interpolation gives rise to a bump (quite similar to the oscillation
encountered in the univariate case because of the Gibbs phenomenon) that shifts the local maximum that was
mentioned earlier to the right. We remind that this local maximum separates two different regions in the phase
space, this means that using polynomial interpolation, a particle that normally belongs to the family of the right
side, will belong to the family of left side. This is exactly what is shown on Fig. 13.

5.3. Time dependent potential

We return to the general case of a time dependent potential φ(x, y, t) and the corresponding equations of motion
given by Eq. (30). In this case, the potential is no longer conserved along the trajectory. Indeed dφ

dt = ∂xφ ẋ +

∂yφ ẏ + ∂tφ = ∂tφ 6= 0. However by introducing a new variable E which evolves according to Ė = −∂tφ(x, y, t),
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we restore the Hamiltonian structure. The autonomous Hamiltonian of the model is H = E + φ and dH
dt = 0

along the trajectory. Again given the conservative aspect of the problem, in the sequel we adopt the conservative
interpolation version (version 2). The conservative approach when φ is only known on a grid consists in considering
the following system 

ẋ = −∂yφinterp(x, y, t),

ẏ = ∂xφinterp(x, y, t),

Ė = −∂tφinterp(x, y, t).

Note that the evaluation of E is only required if the conservation of E + φinterp must be checked.

5.3.1. More “realistic” potential

To test the interpolation scheme on a realistic time-dependent potential, φ(x, y, t), we consider the electrostatic
potential fields encountered in the edge turbulence of magnetically confined fusion plasmas. Turbulent transport
determines the confinement of high temperature plasmas encountered in these fusion devices, and hence is of interest
with regards to the efficiency of energy extraction.

Among the phenomena observed at the outer edge of fusion plasmas, we are interested in the trajectories of
charged impurities produced by the interaction of the plasma with the main chamber, impurities that are carried
by the turbulent velocity field according to (

ẋ

ẏ

)
=

(
−∂yφ(x, y, t)

∂xφ(x, y, t)

)
. (42)

Because of their very low concentration, these charged impurities do not modify the plasma electric potential
φ, and consequently they are considered as passive scalars. However depending on their spreading in the plasma
domain, they can deteriorate significantly the plasma confinement and stability and therefore the performance of
the device. For these reasons it is important to understand as much as possible their dynamics [23, 24, 25, 26, 27].

The turbulent electric field from which they are advected is obtained from the following 2D fluid equations [28,
29]: {

∂

∂t
+ [φ, ·]−Dn∇2

}
n = −σneΛ−φ + So(x),{

∂

∂t
+ [φ, ·]− ν ∇2

}
Ω = σn

(
1− eΛ−φ)− g ∂n

∂y
. (43)

These equations for plasma density n and vorticity Ω = ∇ · (n∇φ) model plasma electrostatic turbulence in
the section transversal to the magnetic field in the peripheral region of the tokamak, the toroidal device where the
plasma is magnetically confined. The study of electrostatic turbulence can be reduced to a 2D problem using the
so called flute approximation, based on the fact that the fluctuations in the direction parallel to the magnetic field
are much smaller than those in the perpendicular direction. In this case the computational domain, considered in
a Cartesian geometry, is composed of a radial direction x and a poloidal one y. The radial direction is normalized
such that x = (r − a)/ρs with a the plasma minus radius, r the radius of the considered magnetic surface and ρs
the hybrid Larmor radius. The poloidal direction y = aθ/ρs represents the poloidal angle on the magnetic surface,
with θ the actual poloidal angle.

The first equation is obtained from the balance equation for plasma electron density n and the second one from
charge conservation in the quasi neutral limit. More precisely, in the plasma density equation, one considers the
advection term due to the electric drift velocity, expressed by the Poisson bracket [φ, n] = (∂xφ∂yn− ∂yφ∂xn) and
a small diffusion smoothing term with coefficient Dn. On the right hand side one has a density source term So,
that is localized spatially at the entrance of the domain and that represents the source of density due to the plasma
of the central region and that maintains the system out of the thermodynamic equilibrium.

The sink term is given by −σneΛ−φ where σ is a control parameter proportional to the saturation current and
where Λ is the plasma potential with respect to the reference potential of the wall. Indeed this term takes into
account the losses of plasma density produced by the interaction of the plasma with solid components. In this
outer region of the tokamak, called Scrape Off Layer, the plasma is in contact with solid objects, like the especially
designed facing components for the extraction of particles called divertor or limiters. The interaction between the
plasma and the solid objects results in the recombination of the charged plasma particles, that is translated with
an appropriate loss term in the fluid equations (see [28]).

Concerning the vorticity equation, on the left hand side one has the same structure of the density equation
with the advection term due to the E×B drift velocity and a relatively small viscosity term proportional to the
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coefficient ν. On the right hand side the loss term has a particular structure given by the physics of the SOL and
governs the damping of the large scale structures. The g term is the driving turbulence term and is associated
with the curvature drift and the separation of charges. It has been simplified to a coupling to the poloidal density
gradient. It is equivalent to the gravity term when addressing buoyancy effects in a neutral fluid.

Numerically, we obtain the time and space dependent density and potential fields from computations performed
using the spectral code TOKAM-2D [28] in which Eqs. (43) are evolved in time using a second-order predictor-
corrector scheme. Spatial derivatives are computed in TOKAM-2D using spectral schemes, thereby providing a
reference case for comparing the results of various interpolation schemes.

In the following sections, we consider two physical situations for charged test particle simulations. First we
consider the behaviour of charged test particles advected by the electric potential and initially located in one of the
coherent structures that appear in the density field. A comparison of their dynamics with the one of the structures is
performed. Then we analyze the influence of an external biasing of a probe on the potential field and the dynamics
of test particles initially located in this biased region.

5.3.2. Propagation of structures

Here we consider the density and potential fields obtained from TOKAM-2D flux driven simulations as introduced
in the previous section. In Fig. 14 is represented the normalized density field at four different time steps. The
normalized density field that we indicate with C(x, y, t) is obtained as follows

C(x, y, t) = n(x, y, t)/〈n(x, y, t)〉y,t. (44)

This normalization takes into account the strong radial decay of density due to the sink term and allows one to have
a better visualization of the regions in the far SOL (large radial coordinate). We remark the ballistic propagation of
overdense structures from the source to the far SOL as well as the ballistic propagation of subdense structures in the
opposite direction. We do not aim here to compare different interpolation methods, but rather to use test particle
simulations [30] in order to understand the link between the propagation of coherent structures in the density field
and the spreading of test particles initially located within the structure. Considering the sharp variations of the
potential at the location of the structures, accuracy of interpolation determines our ability to successfully trace the
trajectory of a particle on the structure.

Given the results obtained in the previous sections, we use the PPH scheme performing interpolation in space
on the potential field generated by TOKAM-2D and given on a grid Nx×Ny = 256×256 (the domain is periodic in
both spatial directions) at each time step (∆t = 1). The time integration is performed using a second-order Runge-
Kutta scheme as for the fluid equations of TOKAM-2D. Working with the turbulent field represented in Fig. 14,
we consider 208 test particles initially inside a density structure and follow their evolution in time comparing their
position to the evolution of the structure in the density field. The initial configuration is given in Fig. 14(a). After
some time we notice that the particles catch up the forefront of the structure (Fig. 14(b)) which means that the
radial velocity of particles is larger than the one of the structure. Next, particles are pushed behind (Fig. 14(c)),
then spread around (Fig. 14(d)) and finally are trapped by other structures.

This shows that density structures are not made with the same particles when they evolve: there is a difference
between the individual trajectories of particles and the global propagation of structures. The mechanism of con-
vection is similar to a vortex dipole. The streamlined picture of the dipole shows that particles keep circulating
from the front to the back of the structure. What we see is that when there is radial asymmetry this circulation
is broken. Particles go from center to front, then from front to back; in an idealized case of an isolated structure
they should return to front, but some of the particles fail to complete the full loop. The radial asymmetry in the
vorticity in these structures leads to the formation of steep fronts at the head and extended tails at the rear end
of the structure [31]. In the presence of surrounding structures, we thus see a loss of particles in the tail to other
structures.

We focus our study on the density structure initially located in the region around (x, y) = (80, 150) and identified
by the contour value C∗ = 1.22. The structure is represented with a black contour in Fig. 14. We consider an
ensemble of 208 particles with initial conditions within this structure, that is for all particles, Ci > C∗. As time
progresses, fewer and fewer particles remain at a level C greater than C∗, that is fewer and fewer particles remain
trapped. In Fig. 15 is shown the number of trapped particles versus time: during a time δt ≈ 716Ω−1

i , that we call
coherence time, all particles evolve remaining inside the structure. After this coherence time a lot of particles escape
from the structure on a relatively short time producing a first strong decay in the number of trapped particles. A
third phase with an escaping time much smaller than the first one is observed before the final time considered in
Fig. 14, when only 18.27% of these particles are still trapped in their original density structure.

According to the observed evolution of the particles and the structure, a difference between the radial velocity
of particles and the radial velocity of the structure is expected.
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(a) Initial configuration (t = ta = 1) (b) Particles catch up the forefront (t = tb = 601)

(c) Particles are pushed behind (t = tc = 1201) (d) Particles spread around (t = td = 3301)

Figure 14: Propagation of particles and structures in the turbulent case.
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Figure 15: Number of trapped particles in the structure versus time. The crosses correspond to the times (ta, tb, tc, td) considered in
Fig. 14.
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For illustration, it is expected that the particle initially located at the tail of the structure reaches the head of
the structure in a time equal to the coherence time, which means roughly Vpδt ≈ ∆s + Vsδt, where Vp and Vs are
respectively the average velocity of the particle and the average velocity of the structure during the coherence time
δt, and ∆s stands for the radial extent of the structure. This expression can be rewritten as

Vp − Vs ≈
∆s

δt
. (45)

A schematic representation of this idea is given in Fig 16. In the following we check the validity of this picture
using the simulation results. One has to give an estimation of the radial size of the 2D-structure, of its radial
velocity Vs and the radial velocity Vp of the considered particle.

×
Vp

Vs

∆s

Figure 16: Schematic representation of a density structure of size ∆s moving with velocity Vs, and of a particle located at the tail of
the structure moving with velocity Vp.

The estimation of the radial size of the structure ∆s is obtained in the following way: we compute the center
of mass of the structure in the (x, y) plane as (xg, yg) = (

∑
j xjCj/

∑
j Cj ,

∑
j yjCj/

∑
j Cj) where the sums are

taken over all grid points contained in the structure under consideration. The radial extent of the structure is
then obtained computing the difference between the maximum and the minimum of the radial coordinates of the
structure grid points with yi = yg. This procedure gives a relatively good estimation if applied during the coherence
time when the structure is not distorted too much in the poloidal direction.

Taking the mean value of these estimations over coherence time one obtains ∆s ≈ 46.5ρs. Since the coherence
time has been initially evaluated as δt ≈ 716Ω−1

i , one has ∆s

δt ≈ 0.0649 cs. This value should correspond to the
difference between the particle velocity Vp and the structure velocity Vs, that are estimated as follows. The velocity
of the structure Vs is given by the displacement of its center of mass between t = 1 and t = 1 + δt, we find
Vs ≈ 0.0528 cs. The velocity of the particle is also obtained by its displacement during the coherence time. We find
Vp ≈ 0.1111 cs for the particle located in the queue of the structure (with the smallest radial coordinate at initial
time). One obtains Vp − Vs ≈ 0.0583 cs, consistent with the first estimate of ∆s

δt .
Starting from this one dimensional analysis now we look at the influence of the poloidal motion on the spreading

of particles. As a first observation we show in Fig. 17 the trajectories of 5 particles with the same radial coordinate
but different poloidal positions at the initial time.

80 100 120
130

140

150

160

170

x

y

Figure 17: Trajectories of 5 particles with the same value of the initial x-coordinate during the coherence time.

We remark that the particle at the center of the structure is essentially accelerated radially while those located
toward the edge are also advected in the poloidal direction. An estimation of this effect can be obtained considering
as previously the difference between the radial velocity of the particles and the radial velocity of the structure.
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However this time we consider the mean value 〈Vp〉∆ obtained averaging the radial velocity over all particles having
as initial condition the same radial coordinate but with different poloidal positions, as schematically represented in
Fig 18. The equation becomes

〈Vp〉∆ − Vs ≈
∆

δt
, (46)

where ∆ is the initial distance of particles to the head of the structure.
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〈Vp〉∆

Vs
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Figure 18: Schematic representation of a density structure and of the particles located at a distance ∆ from the head of the structure.

The results are shown in Fig. 19 where the two quantities 〈Vp〉∆ − Vs and ∆
δt are represented as functions of

the radial position. We observe that the difference between the expected value and the measured one varies as a
function of the initial radial position. More precisely the difference between these two quantities is of order 10−2 for
the particles initially placed far from the head of the structure, and increases as ∆ decreases, that is for particles
initially closer and closer to the head. The particles initially located at the tail of the structure are essentially
accelerated in the radial direction and the poloidal motion is relatively small. On the contrary, for particles closer
to the head, the poloidal advection starts from the beginning resulting in a reduced radial velocity.
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Figure 19: Plots of 〈Vp〉∆ − Vs and ∆
δt

versus x.

In Fig. 20(a) we show the instantaneous velocities of some particles during the coherence time and the average
of the velocities of all particles during this same time. One remarks essentially three phases in the motion of
particles. A first phase, when the radial acceleration is dominant for almost each particle composing the structure,
a second one during which a lot of particles start to have an important poloidal advection and consequently a strong
reduction of their radial velocity. Finally a third phase when the structure itself is strongly deformed poloidally
and the particles experience a redistribution in the poloidal direction with almost null or negative radial velocity.

Moreover we observe that the individual velocities are spread around the mean velocity, the standard deviation
σV =

√
〈(Vp − 〈Vp〉)2〉 versus time is given in Fig. 20(b).

The sketch that emerges from this analysis is that during the evolution of a coherent structure there is a
continuous exchange of particles with the surrounding plasma. Particles initially located into the structure tend to
move towards the forefront of the structure, then their radial trajectories become poloidal and finally are advected
by other structures. On the other hand, one expects that particles initially located outside the structure will be
captured during their evolution. We do not address in this paper the question of where do the particles that replace
the escaping ones come from, even if a first idea can be given by looking at the velocity field in the vicinity of the
structure under consideration.

The velocity field plotted in Fig. 21 at two different times shows that the radial velocity is important inside
the structure but decreases at the head of the structure, which explains the fact that the particles do not exceed
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the structure despite the fact that they are going faster. Moreover one observes that around the structure there
are exchange zones characterized by a velocity field carrying particles into the structure and other regions where
the velocity field is almost null that are decoupled from the structure by the presence of a sort of barrier to the
exchange of particles.
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Figure 20: (a): Instantaneous velocities in the x-direction of 11 particles during the coherence time (dotted line) and average of the
velocities of the 208 particles (solid line). (b): Measure of dispersion by standrad deviation versus time.

(a) t = ta = 1 (b) t = tb = 601

(c) t = ta = 1 (d) t = tb = 601

Figure 21: Density and velocity field near the structure under consideration.
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5.3.3. Influence of a probe

We consider potential and density fields generated by TOKAM-2D in the presence of a probe [29]. The fields
Nx ×Ny = 512× 256 are represented in Fig. 22 where one can see the footprint of the probe. Particles inside the
probe are expected to stay there as shown by the velocity field represented in Fig. 22(c). Fig. 22(d) shows a section
of the potential in the y-direction that crosses the location of the probe, one sees that the applied potential is 4
times the typical fluctuation and rather smooth.

Here, the region of trapped particles is determined by the contour of the probe, which corresponds to a local
maximum near the probe in the cross-section. In that sense, this part follows the previous part dealing with a
nonsmooth potential: describing correctly the behaviour of a particle in the probe depends strongly on the good
reconstruction of the potential using a given interpolation method. It is above all crucial to reproduce finely the
contour (local maximum) separating different regions in the phase space.

To compare the interpolation methods in this context, we have randomly selected 100 particles in the probe
region at different levels of the potential ’well’, as shown in Fig. 23(a). We compute the trajectories using three-
dimensional versions of the interpolation methods coupled with a second-order Runge-Kutta time integration scheme
as in TOKAM-2D with ∆t = 1, over a discretized potential 256x× 128y given every 50 time steps. The results give
75% of trapped particles using the PPH scheme against 71% of trapped particles with the polynomial interpolation
(due to the non-periodicity in the time direction, we limited ourselves to local interpolation methods and integration
is performed from t0 = 501 to tf = 14501). The number of trapped particles versus time is shown in Fig. 24 (we
considered that the contour of the probe is the circle represented in Fig. 23(a)), the small difference observed
between PPH subdivision and polynomial interpolation can be explained by the relative smoothness of the fields
considered here.

The reader might expect the particle confinement rate to be 100%, but since it is a turbulent field with a
dependence on time, the large fluctuations in the potential influence the particles located near the edge of the
probe, which could then get out of the probe (whose contour is itself varying in time), and thus the confined
particles are going to be below that level.
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Figure 23: (a): Contour plot of the potential field in the probe region and initial conditions for test particles inside the probe (black
dots), the circle is a representation of the edge of the probe. (b): Comparison between trajectories using PPH scheme (left) and
polynomial interpolation (right) starting from the same initial condition.

For particles that are inside the probe far enough from its contour, we find that they are trapped regardless of
the interpolation method used, but as the distance to the center increases (see the particles near the boundary of
the probe region in Fig. 23(a)), some particles can escape. An example of the different particle dynamics obtained
depending on the interpolation scheme used is shown in Fig. 23(b) where starting from the same initial condition
(chosen near the probe boundary), a particle remains trapped in the probe region using PPH scheme and escapes
using polynomial interpolation.
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(a) Potential φ (b) Normalized density n/〈n〉y

(c) Potential φ and velocity field near the probe
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(d) Potential section in the y-direction at x = 262

Figure 22: Potential and density fields generated by TOKAM-2D in the presence of a probe centered at x = 262, y = 190. Note that
〈n〉y is a function of x and t.

25



4500 8500 12500

70

80

90

100

t
N

 

 

PPH subdivision
polynomial degree 3

Figure 24: Number of trapped particles in the probe versus time.

6. Conclusion

The simulation of the propagation of particles in a discrete velocity field drastically relies on interpolation
operators as shown by the theoretical and numerical results of this paper. Such a situation of discrete velocity field
is often found if the field is the result of a numerical code or an experimental measurement. The situation may be all
the more drastic as the field has discontinuities or at least strong gradients. In that framework, it has been shown
that nonlinear subdivision schemes can advantageously be substituted to classical linear operators. This advantage
has been highlighted first on a critical 1D velocity field with a discontinuity leading to the Gibbs phenomenon when
classical linear interpolation methods are used, and then on a 2D velocity field deriving from a nonsmooth potential
where the separation of different regions in the phase space may not be recovered with accuracy using classical
methods. In these two situations, particles can be deflected from their correct trajectories if one uses classical
methods.

The proposed interpolation operator for tracking based on the nonlinear Piecewise Parabolic Harmonic (PPH)
subdivision scheme was applied in a realistic case of turbulent time-dependent potential fields related to magnet-
ically confined plasmas. The method has been used to study the propagation of coherent structures and we also
investigated the case of a potential in the presence of a probe for its similarity to the 2D nonsmooth potential case
by the presence of 2 different regions: the inside and the outside of the probe.

From a physical point of view, the propagation of structures through plasma was compared to the propagation of
the particles composing them, this comparison showed a significant difference suggesting that there is a transfer of
particles between the density structures and the surrounding plasma. This difference between the overall structures
spread and the propagation of the constituent particles can be found in more generic situations such as the traffic
of vehicles in highways.

Attention has been given in the foregoing to use a conservative interpolation version when dealing with a velocity
deriving from a potential (stream function), in order to keep the Hamiltonian structure of the problem: it consists in
interpolating the discrete potential and then differentiating the interpolated potential. A Quantitative comparison
was made between conservative and nonconservative versions on an analytical test potential.
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